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STUDIES ON MONOTONE ITERATIVE TECHNIQUE
FOR NONLINEAR SYSTEM OF INITIAL VALUE
PROBLEMS

J. A. NANWARE AND M. N. GADSING

ABSTRACT. Nonlinear system of initial value problems involving R~
L fractional derivative is studied. Monotone iterative technique cou-
pled with lower and upper solutions is developed for the problem.
It is successfully applied to study qualitative properties of solutions
of nonlinear system of initial value problem when the function on
the right hand side is nondecreasing.

1. Introduction

Fractional differential equations (FDEs) arise in many scientific dis-
ciplines as the mathematical modeling of system and processes in the
fields of chemistry, physics, electrodynamics of complex medium, aero-
dynamics, polymer rheology [9, 13, 27, 29]. Most of the researchers are
attracted towards fractional differential equations as many phenomena
in various branches of science and engineering are modeled. Many appli-
cations are found in control systems, visco-elasticity, electrochemistry,
pharmacokinetics,food science etc.[10, 14, 27, 29]. Significant contribu-
tions by researchers have been recorded in the monograph of Kilbas et
al.]9]. There are some good methods for studying fractional differen-
tial equations such as power series method, monotone method, com-
positional method and transform method [2, 6, 17, 25, 27, 28, 30]. The
monotone iterative technique[3] is very useful for the investigation of the-
oretical as well as constructive results in the sector. McRae developed
monotone method for Riemann-Liouville fractional differential equations
with initial conditions and studied the qualitative properties of solutions

Received Agust 03, 2021; Accepted September 28, 2021.

2010 Mathematics Subject Classification: 34A12, 34C60, 34A45.

Key words and phrases: monotone iterative technique, lower-upper solutions, ini-
tial value problems, fractional differential equations.



54 J. A. Nanware and M. N. Gadsing

of initial value problem (IVP) in [1, 15]. In 2011, Denton et al.[4] de-
veloped monotone method combined with the method of coupled upper
and lower solutions for finite systems of fractional differential equations
with initial conditions. Existence of solutions of Riemann-Liouville frac-
tional differential equations and uniqueness of solutions proved by Lak-
shmikantham and Vatsala [11, 12]. Existence and uniqueness of solu-
tion of Riemann-Liouville fractional differential equations with integral
boundary conditions is also obtained by Nanware et al.[17, 18, 20, 23].
Moreover, Nanware et al.[8, 16, 19, 20, 21, 22, 24, 26] developed mono-
tone method for system of fractional differential equations with various
conditions and successfully applied to study qualitative properties of so-
lutions. Recently, Wei et al.[31, 32] and Nanware et. al.[7], developed
monotone iterative technique to study existence and uniqueness results
for initial value problems and periodic boundary value problems involv-
ing Riemann- Liouville sequential fractional derivative and technique. In
this paper, we develop monotone iterative technique to study existence
and uniqueness of solution of the following nonlinear system with initial
conditions:

(1.1) (DQqui)(t) = fi(t, ui, U2, unl, DqUQ),t S (O,T]

(1.2) 7%, (1) [imo = ud, 17Dy () 1m0 = u, i = 1, 2.

where 0 < T' < oo, u?, u} are constants and f; € C([0, T] xR*), i = 1,2,
is quasimonotone nondecreasing, DY is the standard Riemann- Liouville
fractional derivative of order 0 < ¢ < 1. We organize the paper as
follows. In section 2, preliminary definitions and some basic results are
considered. Some important lemmas and comparison results are also
given. In section 3, we develop monotone technique for system of IVP
with Riemann-Liouville fractional differential equation. Existence and
uniqueness of solution of coupled system of IVP are obtained.

2. Preliminaries

In this section, we deduce some preliminary results that will be used
in the next section to attain existence and uniqueness results for the
nonlinear system of initial value problem (1.1)- (1.2). Assume that J =
[0, T] C R is a compact interval and

fi(t, ul(t), ’LLQ(t), unl(t), DQUQ(t)) S C(J X R4, R), =1, 2
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is quasimonotone nondecreasing. Define the following classes:

C([0, T]) = {wilui(t) is continuous on [0, T}, |lusllc = H[l(;&)j(ﬂ] ui ()]},
telo,

Ci-4([0, T]) = {us € C([0, T)) : '~ %ui(t) € C([0, T)),
luille,—, = 1 us(t) e}

CY_y ([0, T]) = {u; € C1—¢([0, T}) : t'~9D%u;(t) € C([0, T])}.

DEFINITION 2.1. A function f;(¢, ui(t), ua(t), Dlu(t), D%us(t)) €
C(J xRY R),i=1,2, J =0, T] is said to be quasimonotone nonde-
creasing (nonincreasing) if for each 4, u; < v; and u; = vj, i # j, then

fi(ts ur, ug, DIua(t), Dlug(t)) < fi(t, vi, v2, Doi(t), Dlva(t))

(fi(t, w1, ug, DIun(t), DIug(t)) > fi(t, v1, v2, Dlvr(t), Diva(1)))-

DEFINITION 2.2. A function v{ = (v, v9) € C1_,([0, T]) is called a
lower solution of IVP(1.1)- (1.2) if it satisfies

(D29)(t) < fi(t, vi(t), va(t), DIvy(t), DIvy(t)),t € (0, T]

tl_qvg(t)]tzo < v?, tl_quvg(t)]tzo < vil.

DEFINITION 2.3. A function w) = (w?, w§) € C{_ ([0, T]) is called

a upper solution of IVP(l.l)—(l.Q)j if it satisfies
(D*w)(t) > fi(t, wi(t), wa(t), D%wi(t), Dlwsy(t)), t € (0, T
7000 (1) 1m0 > WY, 71D () |1—o > wy .
DEFINITION 2.4. The sector denoted by € is defined as
Q= [, w)] ={u € 1, ([0, 1)) : v) < <w?, t e, T);
0D (1) ]r=0 < ' Mui(t) =0 < 9w} (1)]1=o,
1 IDNY (t)] 1m0 < 71D (t) =0 < t'TIDYWY (t)]1=0 }-
DEFINITION 2.5. Let f; : J x R* — R be a real valued continuous
function. We say that f;(¢,u1(t), ua(t), Dui(t), Dlus(t)) satisfies one

sided Lipschitz condition, if there exist constants M;, N; € R, NZ-2 >
4M;, such that

fi(t, w1, wa, DIwy, Dws) — f;(t,v1,v2, D1, DIvg) > —N;(D%w; — D)
(2.1) —Mi(wi — Ui),

vggvigwigw?,izl,z
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Further to ensure the uniqueness of solution of IVP (1.1)—(1.2), there
exist constants M;, N; € R, Nf > 4M;, such that

fi(t, wi, we, DIwy, Dwsa) — fi(t, v1,v2, DIv1, D2) < Ni(DIw; — D%;)+
(2.2) M;(w; — v;),
v) < vy < w; < w)

From conditions (2.1) and (2.2), we conclude that the function f;

satisfies Lipschitz condition if there exists constants N;, M; > 0, Ni2 >
4M; such that

‘fz'(t, w1, W2, qul, qug) — fi(t, V1, V2, qul, DqU2)| < Nz‘|qui — Dq’Uz‘H—
(2.3) Mi\wi — ’UZ".

Now, we consider the following result for the linear fractional initial
value problem to obtain existence and uniqueness results of solution of
the IVP (1.1) — (1.2).

LEMMA 2.6. [9] Suppose that u(t) € Ci1_4([0, T), then the linear
initial value problem

DUu(t) + Mu(t) = o(t), t € (0, T), '~ %u(t)|s=0 = uo,

where M € R and o(t) € C1—4([0, T), has the following integral repre-
sentation of solution

u(t) = T(q)uoeq(=M1) + [eq(=Mz) x o (2)](t),

where
t
@) = [ glt=o)f(a)da,
and
1 1§: k Gl
eq(A2) = 217 By (A7) = 277 Ao
2Tk + 1))
where Fq ¢ = Z m, is Mittag-Leffler function of two param-
k=0

eter.

LEMMA 2.7. [31] Suppose that u(t) € C{_ ([0, T]) then the linear
initial value problem

(D?%)(t) + N(D%)(t) + Mu(t) = o(t),t € (0, T]
(2.4) tl_qu(t)|t:0 = Uo, tl_quu(t)|t:0 = ui,
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where M, N € R are constants, N> > 4M and o(t) € C1_4([0, T)), has
the following representation of solution

u(t) = T(q)uoeq(Aat) +T(g)(u1 — Azuo)[eq(Aaw) * eq(M)](t)

(2.5) + [eg(Aaz) * eg(Mx) * o(2)](2),
where
NiVNTTIN . N - JNTAN
A1 = 5 , Ap = 5 <0.
LEMMA 2.8. [31]
[eq(Aoz)xeq(M12)](t) = [eg(Ma)*eq(A22) (1) = )\11)\2[6(1(/\1@—6(1(/\2%)}(15).

LEMMA 2.9. Comparison result [31] If u(t) € C1—4([0, T]) and satis-
fies the relation

D%u(t) + Mu(t) >0, t € (0, T), " 9u(t)|;=0 > 0,
where M € R is a constant. Then u(t) > 0, t € (0, T.

LeEMMA 2.10. Comparison result [31] If u(t) € C{_ ([0, T1]) and sat-
isfies the relation (D*Iu)(t) + N(D%)(t) + Mu(t) = o(t) > 0,t €
(0, T), = %u(t)|4=0 = uo > 0, t*=9D%(t)|;—o = u1 > 0, where N, M € R
, N2 > 4M are constants such that \; = =NV NE—4M V2N2_4M >0 > X\ =
N-VNEAM Then u(t) > 0, t € (0, T).

3. Main Results

In this section, we prove the existence and uniqueness theorem of
solution for IVP (1.1) — (1.2).

THEOREM 3.1. Assume that

(1) v? = (09,19) and w) = (w?,wY) in C{_,([0, T]) are ordered lower

and upper solutions of IVP (1.1) — (1.2) respectively.
(ii) fi = fi(t, w1, ug, Dluy, Dug) € C(J x RY R),J = [0, T satisfies
one-sided Lipschitz condition, i =1, 2.
(iii) fi = fi(t, w1, ua, D%y, D%sg) are quasi-monotone non-decreasing
then there exist monotone sequences {v}'} and {w}'} such that {v]'} —
vi(t), {wl'} — w;(t) as n — oo, where v(t) and w(t) are minimal and
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maximal solutions on the ordered interval [v?,w?] of IVP (1.1) — (1.2)
and satisfy the monotone property

W<ol <o <ot <y <w<wl <. <wl<w?, i=1,2.

Proof. For any n;(t) = (n1,m2) € Q. Consider the linear initial value
problem

(D*u;)(t) = fi(t, m, n2, D1, Ding) + Ny(Dn; — D%u;) 4+ M;(n; — u;)

=a(m)
(3.1)
1-gq, — 2,0 41=q/Pq,,. _ 1 s
i () im0 = uy, U D% (t) =0 = uy, i = 1,2.

It is clear that, by Lemma 2.7 and 2.8, linear initial value problem (3.1)
has exactly one solution u; € C{_ q([O, T]) and whose integral represen-
tation is as in (2.5). Now define

u;i(t) = Alni, p
r

= D(q)uleq(Nyt) + T(q) (u; — Ayu)[eq(Nyz) * eq(Aj2)) () +
[eq(\oz) * eq(Njz) * o (m:) ()](t),

where

N —N; + 1/ N? — 4M; Y —Ni—./NZ?—4Mi.

For each n;(t) = (n1,m2) and p;(t) = (u1,p2) in Q such that v{(0) <
ni(t) < pi(t) < w?(0). We define an operator A from [v, w)] into
C1_,([0, T]) and »; is solution of the TVP (1.1)-(1.2) if and only if n; =
Alni, p] and p; is solution of the IVP (1.1)-(1.2) if and only if p; =

Aln, u;]. First we prove that

(a) o) < A}, wyl, w > Afuf, o]
(b) A possesses the monotone property on the segment Q = [0), w?].

To prove (a), set A[v), w?] = v}(t) = (vi,v}), where v}(t) is the unique

solution of system (3.1) and set p;(t) = v)(t) — v}(t) with n; = vP(2).
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Observe that

DPpi(1) = D*(1) ~ D0l (1)
< fi(t, v}, 03, D%y, Dh3) — fi(t, 07, v5, DI}, DIvj)
— N;(D%? — DI}y — M;(v? — v})
= —N;(DW? — D}y — M;(v) — v})
= —N;(D%;)(t) — M;(pi)(2).
Thus D*p;(t) < —Ni(D%p;)(t) — M;(pi)(t)
and 179 (t) =0 = t D (1) im0 — 1790} () |t=0 < O

74Dy () =0 = t' 71D (t)]1=0 — ¢~ (DM");(t)]e=0 < 0.

By Lemma 2.10, we have p;(t) < 0 = 02(¢t) — v} (t) < 0 = 0)(t) <
vi(t) = A[v), w?]. To prove that w? > A[w?, v9], set A[w?, v)] = w},
where w} is the unique solution of system (3.1). Set p;(t) = w) — w}
with n; = w(t).

D?p(t) = D?%wd (t) — D*w}(t)
> f;(t,w?, wl, DWW?, DWwY) — f;(t, w?, wl, DWw?, Dw))
— N;j(D9w? — DIw}) — My(w? — w})
= —N;(D%w) — Dw}) — M;(w) — w}).
Thus D*p;(t) > —N;(D%p;) — M;(p;),
and 17 p;(t)]i=0 = t' 9w (t)[1=o — t' " %w; (t)|1=0 > 0
£79(D9pi) (8)|1=0 = ¢ (D%wg) () |emo — £~ I(D%w ) () |e=0 > 0.

By Lemma 2.10, we have p;(t) > 0 = w?(t) — w}(t) > 0 = wl(t) >
wl(t) = A,

Now to prove (b), if v? < n; < p; < wf, then prove An;, u] < Aln, wil,
where A[n;, u] = u; = (u},u?) and A[n, ;] = v; = (v},v?). Consider

79 Y 777



60 J. A. Nanware and M. N. Gadsing
pi(t) = u;(t) — v;(t) then observe that

(D*1p)(t) = (D*1u;)(t) — (D*Mv;)(t)
= fi(t,m, ne, DIy, Dn2) — filt, pa, p2, DIpa, Dp2)+
Ni(qu — unz‘) + Mz’(77i — ’U,Z')—
Ni(D?pi — D%v;) — Mi(pi — vs)
< Ni(D?pi — D) + Mi(pi — mi) + Ni(Di — D)+
M;i(ni — ug) = Ni(Dpi — D) — Mi(pi — v5)
= N;(D%; — D) + M;(v; — u;).
Thus  (D*'p;)(t) < —Ni(D;)(t) — Mi(pi)(t)
7 pi(t) =0 = ' ui(t) =0 — ' 10i(t) im0 = uf — 0] <0
t79(Dp;) (t)]i=0 = ¢ 1(D%u;i) (8) e=o — '~ (D%;)(t)|e=0 = uj — v <0.

By Lemma 2.10, p;(t) < 0 = u;(t) < v;(t). Hence Ani, u] < Aln, wi.

Thus the operator A possesses the monotone property on Q = [v), w!)].

Define the sequences {v?(t)} and {w?(t)} by v? = A? ! w1 and

()

w = A[w?_l,v?_l]. Then, we obtain v9 < v} < v?... <P < v; <

w; <wl <L Swl-l gw?. Let P = {v}' :n e N}, Q; = {w]' : n € N}.
We show that the set P;, Q); is relatively compact in Cffq([(), T1). For

any 7;(t) € Q by definition of lower and upper solutions and Lipschitz
condition, we have

(D*10)) () + Ni(DUP)(8) + Mg (t) < filt, of, o5, Doy, DI§)+
Ni(DT7)(t) + Mi(v])(t)
< fi(t, n1, m2, DIy, Da) + Ni(Dns) (¢ )+ M;(mi)(t)
< fit,wy, wy, DTwy, Diwy) + Ny(DWi)(t) + My(wy) (1)
< (D*wy)(t) + Ni(DMw))(t) + Myw](t).
Let P;, Qin Cf ([0, T7) be bounded sets. Furthermore

oi(ni(t)) = fi(t, m, m2, D1, Dn2) + Ni(D%n;)(t) + Mi(n:)(t) = ms € Q
is also bounded set. Hence, there exist a constant L; > 0 such that

[loi(v; )()H—Orgg;lt “oi(v)(O)] < Li

(3.2) & |oy(vM) (1)) < Lit' ™9, t € (0, T).
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On the other hand {v} : n € N} satisfy

ol = D(q)uoey(Nt) + T(g) (uh — Agub)eg(Asa) * e(Ab)] (1)
(3.3) T [eg(Msa) * eg(Ni) % o (021 (0).
Let

G(Nj, t) =t Ueg(Nst) « o (v ()], € (0, T, i = 1,2.
Without loss of generality, assume that 0 < ¢; < to < T. Since )\é <
0 < \i, we have

LiT'(q)

IG(N, t1) — G(Ns, to)| < 4|>‘Z| |Eq,q(>\zét(f) - Eq,q(/\étg)H
1
2L1F(q) q

LT L;T1
Z(Q)
P‘1|

[GAL, 1) = G\, )] < ( ) Eqq(Nit]) — Egq(Xit3)]

(3.5)
2L;I(q)
I'(2q)
From E,4(t) € C([0, T]) and Ye > 0 3 6 = d(€), when |ta — 1] < , we
have

Eqq(N{T9)(t2 — t1)".

i i €
(3.6) |Eqq(Nit]) — Eqq(Nit5)] < 6Ll
% i €
(3.7) |Eqq(M5t]) — Eqq(A5t3)] < 6I2
€
Y I
(3'8) (t2 tl) < 6L§’7
where
lemm{F(Q)l(ui—%U?)M L gy |>\’1|T‘1]}
' AT — Ay AT = A5l[AL q
r L\ O)\E
12 = maa{ r(gut], MO =]
AT = A
L |\¢ | T4
g L) + ]},
‘)‘1 - /\2")\1‘ q

I3 — 2L;I(q)

=T [14 E, ,(\T?)).
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Using (3.4) to (3.8), we obtain

#T(a) = ) [t} e, (0410 ey ) -
ey ) eyt
| e ) eyt o ie)
15,04 * g Odta) (0] ) (1)
= ‘F(Q)U?[Eq,q()\ét(f) - qu()\étg)]

[(q)(u; — Nyul ; ;
( );z _ )\iQ ) [(Eq,q()\ﬂ(f) — By q(\5t3)+
17 A2

(Eya(Nit]) Eq,qmtz))]

-
Y

{ite,04m) ot (1) -
ty Teq(Nota) o (v 1) (t)]
1 e Oa) 2o (e2) — e, () (e (e
D) |60 | Egg (M) — EygNit)

L(g)|ul — \; u? ; i
Dl = 3808105~ BraO59) 1+
1 2

Y

(Eag(Nit?) — Eq,q<Ait§>@

Wlu e, (Npta) % o () (1)~
ty Yeq(Nta) ¥ o (v ) (t2))|
|/\1 : \'tl Yeq(Mt1) * o (v ) (1)

ty Teq(Nita) * o (vl ) (t2)],
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< T(q)|u;| [‘Eq,q()\ét(f) - Eq,q()\étg)u

T'(q u}—)\iu? ; ;
(@l = X ’[\(Eq,qw;’)—Eq,qugt%)m

AT = A
|(Eqq(Ait]) — Eq,q(Nit%)!]
N E, (AT — B, Nyt
+ ‘)\fi _ )\é”)\i‘ |:| qu( 2 1) Q»q( 2 2)|+

2L;T(q)

g - x5 “)q]

1 Lil“(q) LZ‘Tq i i
+ N Ab| [ x| + p ] [[Eqq(A\1t]) — Eqq(N125)]]
2L;I'(q) '
w2 g Tt — 1)
Mg -

< F(Q)IU?‘ [‘quq()\ét(f) - Eq,q(/\étg)u +

F(Q)|uzl - )‘iug| i i
: [(Eq.q(M5t]) — Eqq(X5t3)) 1+

X )
Byg(Nit?) Eq,quit%n]
L) [ AiTq]
g (@ T@+ =)

[’Eq,q()\ét(f) - Eq,q()\zétg” + |Eq,q()\zitc11) - Eq,q()\itg)@
2L;T(q)
[(29)|A] — A5

P
6 6 66 6" 6 ©

Thus P; is equi-continuous. Then by Ascoli- Arzela theorem, we con-
clude that P; is relatively compact set of Cf_ ([0, T1]). Similarly we

[1 + Eq,q(xiTq)] (ta — 1)1,

can show that Q; is relatively compact set of Cf_ ([0, T]). There-
fore the sequences {v}'(t)},{w]'(t)} converges uniformly to v;(t),w;(t)
respectively on [0, 7). Then we have point-wise limits lim, o v}'(t) =
v; (1), limy, o0 Wi (t) = wy(t), ngngo D (t) = Div;(t), ngngo Diwl(t) =

Diw;(t) t € (0,T]. Thus by relations (v < v} < v? < .., it

7 %

follows that v;(t) and w;(t) satisfy the following monotone property



64 J. A. Nanware and M. N. Gadsing
g i <wl <. < w <w

) n< L < Dl < <qu < D). Now,
we prove that vi(t), w (t are respectively mmlmal and maximal solutions
of initial value problem (1.1)—(1.2). Since f;(i = 1, 2) is continuous then
clearly the function o(n;(t)) is continuous and monotone nondecreasing
in v;(t) implies that {o(v]'(t))} converges to o(v;)(t), t € (0, T']. Taking
limit as n — oo of {v}'(t )} and using dominated convergence theorem,
v;(t) satisfies the integral equation

vi(t) = D(@)ueq(Nyt) + T(a) (u; — M) [eq(A\gz) * eq(Ni2)] (8)+
[eq( M + eq(Nyz)or(vi) (2)] (8).
Thus v;(t) is an integral representation of the solution of IVP (1.1) —
(1.2). By the assumption of the function f;(i = 1,2) and Lemma 2.7, it
follows that v;(t) is a classical solution of IVP (1.1) — (1.2). This proves
that the lower sequence {v]'(t)} converges to a solution v;(t) of IVP
(1.1) — (1.2). Similarly, we can prove that the upper sequence {w(¢)}
converges to a solution w;(t) of IVP (1.1)—(1.2) and satisfies the relation
vi(t) <w;(t),i =1,2,t € (0, T]. It follows that the relation
v?SvilSv?...gvﬁgviSwigwfg...gwilSw?,
holds as well as v;(t) and w;(t) are minimal and maximal solution of
IVP (1.1) — (1.2) on the sector Q. Now we prove v;(t) = w;(t),i = 1,2
, is unique solution of IVP (1.1) — (1.2). It is sufficient to prove that
vi(t) > w;(t), D%;(t) > Dlw;(t)t € (0, T]. For this, we consider wu;(t) =
v;(t) — w;(t). Then from IVP (1.1)-(1.2) and above hypothesis, we have
(D2%u;)(t) + N;(D%u;(t) + Miui(t) = (D?%;)(t) — (D*%w;) (t)+
NZ'DqUZ' (t) — NZquZ(t) + Mﬂ)i (t) - Miwi(t),
= fi(t,v1,v2, D01, DYv2) — fi(t, w1, wa, DTwy, DYws)+
NZ'(DqUi - qui) + Mi(vi - wi),
> —NZ'(DqUi - qui) - Mi(vi - wi) + NZ'(DqUi - qui)-i-
Mi(vi — wz) >0,te (0, T],

and t1 79, (t) = 0, t'79(D%;)(t) = 0. Then by Lemma 2.10, u;(t) > 0,=
v;(t) > w;(t), D;(t) > Diw;(t) t € (0,7]. Thus u;(t) = v;i(t) = w;i(t)
is unique solution of IVP (1.1) — (1.2). O

0
Y;
Dq

|/\*>—l
@m

Now we prove uniqueness of solution of the IVP (1.1) — (1.2).

THEOREM 3.2. Assume that

(i) v? and w? in C}_, are ordered lower and upper solutions of IVP
(1.1) — (1.2)
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(i) fi(t, u1, uz, D9uy, Diuy) € C(J x R* R) is quasimonotone non-
decreasing
(iii) fi(t, w1, ug, D%y, D%u;) satisfies both sided Lipschitz condition.

Then the IVP (1.1) — (1.2) has unique solution in the sector [v9, w?].
Proof. Observe that
—Ni(D%u; — D) — Mi(ui — ug) < filt, ur, uz, DIuy, Dug)—
fi(t, uy, uy, Dy, Diuj)

1

for v? <ul <y < w? which follows from (2.3). Then the Theorem
3.1 implies that the problem (1.1) — (1.2) has unique solution in sector
(09 w?]. O

10 i

4. Conclusion

Existence and uniqueness of solutions of nonlinear system of initial
value problems is obtained using monotone method coupled with lower
and upper solutions.
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